A Upper Bound on the Regret of Monotone

A.1 Proof of Lemma 1

Proof. For any sequence a € {0,1}7 let last(a) be the last round ¢ where a; = 1 and a1 = 0,
or last(a) = 0 if there is no such round. Let a* = aj,...,ak, and assume for contradiction that
last(a*) > 0. Further, assume without loss of generality that last(a*) > last(a*) for every optimal
sequence a*. Let £ = last(a*).

Suppose that af = 0 forallt > ¢+ 1. If v — p, > 0 then, since pyy1 = py, letting a;H =1
does not decrease the buyer’s total surplus and increases last(a*), violating the assumption that
last(a*) > last(a*) for every optimal sequence a*. On the other hand, if v — py < 0 then letting
a; = 0 increases the buyer’s total surplus, contradicting the optimality of a*.

Otherwise choose the smallest k¥ > 1 such that aj ;. = 0, and aj, ., = 1. Note that pgy 141 =

B*pe and pgyr, = B 'pe. Swapping the values of ay and aj, ; does not affect the buyer’s surplus
in rounds other than ¢ and ¢ + 1, and must not increase the buyer’s total surplus, which implies
7~ (v —pe) = (v — Bpe). Likewise, swapping the values of a}, , and a}, ., , does not affect the
buyer’s surplus in rounds other than ¢ + k and ¢ + k + 1, and increases last(a*), so it must decrease
the buyer’s total surplus, which implies v*** (v — por 1) > YT+ (v — prig).

Cancelling 7’s in each inequality, and substituting for pyj and pyy 41 gives the following inequal-
ities:
v—pe >0 —Bpe  andyv -y > v — By
Adding the two inequalities and rearranging gives us:
B e+ pe(B = B) > pe
Dividing through by p, gives us:
BE (8- ) > 1 (1)

Let g(3) = g~ + B — B*. Since B — B* is non-negative and v < 1, g(/3) is an upper bound on
the left hand side of equation 1. Giving:

BF +4(8 - BF) < g(B) )

However, g—g =(k—1)BF241—-kB* 1 = (1 —p*2) + k(B2 — B¥~1), which is non-negative
for any 8 < 1. To see why, note that both terms in the last expression are non-negative when k& > 1
and the entire expression is 0 when k£ = 1.

Therefore, g(-) is a non-decreasing function and for any 8 < 1, g(8) < g(1) = 1. This fact
combined with Eq. (1) and Eq. (2) imply a contradiction. ]

A.2 Proof of Lemma 2

Proof. Rearranging the inequality ¢ > dg - yields 3* (1 + (1 — 8)T,) < v. Subtracting 3*! from
both sides, multiplying both sides by v, and applying the inequality ZtT,;i 'yt/—l < 25:1 fyt'—l =
T, gives us

t'=1

T—t—1
7t <6t (1 +(1-8) > ’yt”) - 5”1> <Atv— gt

T
& -8 D AT <At w -

t'=t+1

Now substitute 3t(1 — 3) = (v — Bt*1) — (v — B!) and gather terms. We have

T T
Yo TN < YD A T -0, 3)

t'=t+42 t'=t+1
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Note that ZtT,:t 41 vt/_l (v — BY) is the surplus of a monotonic buyer that starts accepting (and thus
continues to accept) the price offered at time ¢ 4+ 1. The inequality above, which holds for arbitrary
t > dg. 4, states that the surplus that is gained from starting to accept at round ¢ + 1 is greater than
the surplus gained from starting to accept at round ¢ + 2. Thus, it must be the case aj,; = 1. O

A.3 Proof of Corollary 1

Before showing the proof to Corollary 1, we prove the following technical lemma.
Lemma 5. z > log(1+z)ifz > 0and x <2log(l1+2)if0 <z <1

oo

Proof. By Taylor’s theorem e* = )"~ o, f: Therefore e® > 1+ x if x > 0, and so x > log(1 + )
ifz > 0. Now leta, = >, (—1)"*+tZ =" and observe that for any positive even integer n

T
2a, = 2z — z? + 22(—1)”17

i=3
:x—i—(w—xz)—l—Q Z ! (1— ‘x )
i=3,5,7,... @il
>
where the inequality follows because z — 2> > 0if 0 < 2 < 1 and % — 41 = 0ifz < 1and

i > 1. Since lim,, o a, = log(1 4+ x) (by Taylor’s theorem) and hmn_mO Ay, = liMy, 500 n even On
(because all subsequences of a convergent sequence have the same limit), we have shown 2log(1 +
z) >zfor0 <z <1 O

Now, the proof of Corollary 1.

Proof of Corollary 1. From the expression for 8 we have

B VT B 1 _1+VT+T,
”1+<1 1+\/T>T71+(1+ﬁ)n (1+\/T) @

which implies

B VT 1+ T,
By 1+VT+T, 14+VT+T,
We also have
T 1 1
] log ((1+ (Hjﬁ)) v) log (1—|— (1+\F)) + log (5)
ﬂ7’Y: = .
14T 1
tog (£ ) tog (1+ )

By Lemma 5 we know that x > log(1 + z) if x > 0 and x < 2log(1 + z) if 0 < x < 1. Since

T > 1 we have (1+T77\FT) >0and 0 < % < 1 and therefore
2T, 1
g < vT +2VTlog ( ) < 2T, +2VT log () . (5)
(1 +T) v
From the expression for cg 4 in Eq. (4) we have —— < 1. Therefore
1
G55 < 2T, +2flog< )
CB~y

dg.~
Cﬁ,w > cp,y

Now plug the bounds on 1 —
Noting that 8 < 1 gives us

1+T 1
Regret(Monotone, v, T) < vT [ ———=1— | +v (2T +2VTlo <> + 1)
et ) <1+\/T+T,y> o\ &\

and —— o from above into the upper bound from Theorem 1.
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1
S\/T(4UT7+2vlog(v>>+v. O

B Upper Bound on Regret of Phased

Let A be a fixed positive constant, whose exact value will be specified later. Define V+ to be the
number of explore rounds in phase i where price p was offered and the buyer’s value in the round

vt
was at least p + A. Let 7 rp’i =p 5’1 , and note that E[rpvi] = pF(p+ A). Similarly, define V,ito

be the number of explore rounds in phase ¢ where price p was offered and the buyer’s value in the

round was at least p — \. Let 7, ; = pvé’ib, and note that E[7 ;] = pF(p — A). Also, let A, ; be

the number of explore rounds in phase ¢ where price p was offered and was accepted by the buyer.
. A, . . . .

Then, we let 7, ; = p~&~ denote the observed revenue of price p in explore rounds in phase 1.

In the Phased algorithm, the price p, that maximizes 7, ; is offered in every exploit round of phase s.
So our strategy for proving Theorem 2 will be to show that p* = arg max,, 7, ; with high probability
for all sufficiently large i. There are essentially only two ways this can fail to happen: Either the
realized buyer values differ greatly from their expectations, or the buyer is untruthful about her
realized values. The first case is unlikely, and the latter case is costly to the buyer, provided the
number of explore rounds in the phase is sufficiently large. We now quantify “sufficiently large”.
Let ¢* be the smallest nonnegative integer such that S; > D for all ¢ > ¢*, where

16 8
Dr = max <A2 log T, AC%>
and C5 = log(1+(1—~)T,/(6)))log(1/~)~'. Note that i* is well-defined because .S; is increasing
in 7. The next lemma uses a standard concentration inequality to bound the probability that certain
random variables are close to their expectations.

Lemma 6. Fix price p € P and phase i > i*. With probability 1 — 2T~!

. A R . . A
Tpi SPE(p—A) + - and i > P F(pt 4 A) — T

Proof. Note that 7, is an average of .S; independent random variables, since the variables p; are
chosen determlmstlcally during the explore phase and each v; is always drawn independently. Also

note that E[7 ;] = pF'(p — A). Since i > i* we have
16
S; > ——logT = log T
> 38T = a7
Thus by Hoeffding’s inequality Pr [f;z <pF(p—X) + %] > 1 — T~  Similarly f;rz
is an average of .S; independent random variables and E[f;“l] = p*F(p* + A), and thus
Pr [f;‘z >p*F(p*+ \) — %} > 1 —T~!. The lemma follows from the union bound. O

Let £, ; be the set of explore rounds in phase 7 where the seller offered price p and the buyer A-lied,
i.e., a round ¢ where either the buyer accepted price p and her value v; < p — A, or rejected price p
and her value v, > p+ A. Let L,, ; = |£,, ;|. The next lemma shows that, for any phase ¢ where the
event from the previous lemma occurs, if the observed revenue of the optimal price p* is less than
the observed revenue of another price then the buyer must have told many A-lies during phase .

Lemma 7. Fix price p € P and phase i. If 7« ; < Tp ; and the event from Lemma 6 occurs then
Lpi > (A 4K,\) S;or Ly ; > (A—4K>\) S,

4p*

Proof. Assume for contradiction that L, ; < (%ﬁ) S; and Ly« ; < (%) S;. For any

price p’ note that Ay ; — V,,; < Ly jand V.7 — Ay i < Ly 4, since A,y ; counts the number of
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times the buyer accepted price p’ in phase 7. Combining these bounds and applying the definitions
of 7p i, Fpe i, 7, ; and 77, ; proves

- i _ A — 4K\ A
Fpi — P = g (Am - V;M) < g (T)Si = 7K, ©6)
. N P p* A —4K) A
7’;71477”1,*71': E(‘/pt’iiAp*’i) < E(T)Sz: Z*K)\ (7)
Now observe
N A
Tp,i <Tp7i+z — KX Eq (6)
A
§pF(p—/\)+5—K/\ Lemma 6
A
<p(F(p)+ KX+ 5 K\ K -Lipschitz continuity
A
<pF(p)+ 5
<p*F(p*) — 5 Definition of A
" « A L o
<p"(F(p"+ A+ K\ — > K -Lipschitz continuity
* * A
+ A
grp*yi—z—i—K)\ Lemma 6
< fp*’i ECI~ @)
which contradicts 7 ; < p ;. O

Next we show that the number of A-lies told by a surplus-maximizing buyer in any phase is bounded
with high probability. This is the main technical lemma.

Lemma 8. Fix price p € P, phase i, and suppose the buyer uses a surplus-maximizing algorithm
B*(Phased, D). For all § > 0 we have Pr[L, ; > Cs] < 6.

Proof. Let B be a buyer algorithm that acts according to 3*(Phased, D) during the first i — 1
phases, and from phase ¢ onwards acts truthfully in every round, i.e., a; = 1{v; > p;} for all rounds
tinphasesi,i+1,...,[log, T']. Assume Pr[L,; > C5] > §. We will show that this implies

BuyerSurplus(Phased, B*(Phased, D), D, T) < BuyerSurplus(Phased, B, D, T),
a contradiction.

Let p],...,py and af, ..., a7} be the prices and accept decisions from all rounds when the buyer
algorithm is B*(Phased, D), and let pi, ..., p% and ai,...,a} be the price and accept decisions
from all rounds when the buyer algorithm is B¢. Recall that the values vy, . .., v are drawn inde-
pendently of seller or buyer behavior. Let ¢;” and tj be the first and last explore rounds in phase ¢,
respectively. We have

BuyerSurplus(Phased, B*(Phased, D), D, T) — BuyerSurplus(Phased, B, D, T)

=B Y 2 ) - p}) — afwi—pD) | + B | S 4 (i (v — p7) — ai (e — p})
t=t.
+B| S 4N (v - p}) — ailvr — p}) (®)
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T

=E Z ¥ ay (v = pp) = aj(ve =) |+ E | D> v N ag (o — p}) — af(ve — p}))

Lt t=t}+1

9

=E Zv (af —ap) (v —p) | + E Z 7 a (v = p}) — ag(ve — p})) (10)

Lt=t, ] t=t}+1

; +
<E Zv (af —ap)(ve —p}) | +79" T, (11)
=Pr[L,; > C5|E Z’y “Yay —ap) (v —p}) | Lpi > Cs
; +
+Pr[L,,; < C5|E Z'y “a; —at(t—p§)|Lm<C’5 +5 T,
— * i i +
< Pr[L,; > C5|F Z Y ay —ai)(ve — pi) | Lpy > Cs |+ T, (12)
| t€Lp,i
<PrLy; > CsIE | > A=) | Lpi > Cs AT, (13)
| t€Lp,i
¢
<PrL,i>Cs) Y ATH=N AT, (14)
t=t} —Cs+1
tf
<5 3 AN+ (15)
t=t} —Cs+1
o (1= + Y =ON(1 = 4%)

— a1 Cé( )+HT= +(1=Ty ) =0 (16)

v T V=T e (1 =T,

Eq. (8) follows from the definition of surplus and the linearity of expectation. Eq. (9) holds be-
cause B*(Phased, D) and B* behave identically before phase i. Eq. (10) holds because the prices
offered during explore rounds are independent of the buyer’s algorithm, and thus p; = p; for
t € {t;,...,t;}. The fact that a} = 1{v; > pi} for t > t; implies a} (v; — p}) — ai(v; — pi) < 1
for t > t;, which yields Eq. (11), and also implies (a} — a)(v; — pi) < 0for ¢t > t;, which yields
Eq. (12) (recall that £, ; C {t; ,...,t;}). The definition of \-lies and the fact that p; = pj for
t € L, ; implies Eq. (13). Eq. (14) holds because v*~! is decreasing in ¢. Eq. (15) follows from our
assumption that Pr[L, ;, > Cs] > 6. Eq. (16) follows from the definition of Cj. O

We are ready to prove an upper bound on the regret of the Phased algorithm.

Proof of Theorem 2. Define n = [log, T] and let 77" and 7,7 be the set of explore and
exploit rounds of phase ¢« € {1,...,n}. Since the phase n may only be partially completed at

the termination of the algorithm we allow 7,P and 72" to be partially or completely empty.
Note that for the Phased algorithm the behavior of a buyer during exploit rounds does not affect
the prices offered in future rounds. Since p; is the price offered in each exploit round of phase i, a
surplus-maximizing buyer will choose a; = 1{v; > p;} in any exploit round ¢ of phase i. So we
can upper bound the regret of the Phased algorithm in terms of the number of explore rounds and

14



the probability that p; # p* during exploit rounds. We have

Regret(Phased, D, T) lZp F(p*) — atpt]
S Y B ) —apd Y Y B PG - awd
=1 f€7—§xplore i=1 teTiexplon

<Z\P|S+Z > Prp =pl(T; — [PIS:)

i= 11767’\{17 }

< IPISi+ > Zn+ o> Prlpi=pTs (A7)
i=1 peP\{p*} =1 pEP\{p*}i=i"+1
where expectations and probabilities are with respect to value distribution D, seller algorithm
Phased, and buyer algorithm B*(Phased, D). We will now bound each term in Eq. (17). Let
=2
8K

Recall that T; = 2% and S; < T}, which implies "1 | S; < >°7" 2% Since n < log, T'+ 1 we
have 2™ < 2T'. Thus

2a n+1 1 (2n+1)a _ 1 4aTa _ 1 4a
< 201 < = < < Te. 1
ZS Z -1 201 — 20-1 —2v_] (18)

where the first inequality follows from the formula for a geometric series (this is just the standard
“doubling trick™).

By the definition of \S; and ¢* we have T;«_; < max(D DM~ ,|P|Dr) < ;/a + |P|Dy, which
implies Tjy 1 < 4D;/a + 4|P|Dy. Also note that qu T; < Tjy for all 4, again because
T, = 2¢. Thus

S S m< Y 4D+ 4IPIDr < 4IPIDY +4AIPIPDr <S[PPDYY (19)
pEP\{p*}i<i* pEP\{p*}

Finally, for any p # p* and ¢ > ¢* if p; = p then 7,- ; < 7, ;, which by Lemma 7 implies that either
the event from Lemma 6 does not occur,

A —4K\

Ly > 5 S;, or (20)
A — 4K\

Ly;>—>——2g,. 21

piz =S 1)

Since A = SAK and p, p* < 1, Eq. (20) and Eq. (21) respectively imply

A

Ly = gSi, or (22)
A

Ly > gSz- (23)

The event from Lemma 6 (call it event —=A) occurs with probability at least 1 — 27°~!. And since
S; > Dr > (S/A)01 for all 4 > 4*, we have that Eq. (22) and Eq. (23) imply either L, ; > 01

(call it event By) or Lp >0y 1 (call it event B>), which by Lemma 8 each occur with probablhty
at most T~! assuming the event —A has occurred. Combining these results, we have
Pl‘[ﬁl = p] S PI‘[A V Bl V Bg]
< Pr[A]+ > Pr[B;|A] Pr[A] + Pr[B;|~A] Pr[-4]
i=1,2
<oT ' 42027 P4+ T =871,
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and therefore
S > Prlpi=p T <8P (24)
PEP\{p*} i>1*
Combining Egs. (18), (19) and (24) with Eq. (17) yields

[e3

20 — 1

Regret(Phased, D, T) < |P|T + 8|P|2Dy/* + 8|P|

A

a7c0 We have

Plugging in the definitions D7 = max (% log T, %C%) and \ =

4o 16 e
Regret(Phased, D,T) < 50 1 |P|T + 8|P|? <A2 logT>
8 8K(1—~)T,T 11\ Ve
2= il S lt il -
+ 8|P| (Alog (1+ A >log ('y)
+ 8|P|. (25)

Suppose 7 and T satisfy 47 > 1/2. Then v* > 1/2 for all ¢ < T, and furthermore T, =

ZtT:1 ~t=1 > T/2. Since Regret(Phased, D,T) < T holds trivially, we have
Regret(Phased, D,T) < T < 2T, < T + QTVI/O‘,

satisfying the theorem. Therefore, we assume that 47 < 1/2. Since T, = Y, 7'~ ! = L2 we

1—~
have .
1-— 1 1
2T, =2 ( i ) > >
1—v 1—~ 7 log(1/7)

)

where the first inequality follows from 2(1 — %) > 1 and the second inequality follows from
x > log(l + ) for all = (just substitute x = -y — 1 and rearrange). Thus we can upper bound
1

log (%) *in Eq. (25) by 2T’,, and simplifying yields the statement of the theorem. O

C Lower Bound Proofs

C.1 Proof of Lemma 3

Proof. Fix a incentive compatible and rational strategy S. Let SellerRevenue(b) = E, 4)~s, [ap]
be the seller’s expected revenue if the buyer bids b, and let BuyerSurplus(b, v) = E(p, o)~s, [a(v —
p)] be the buyer’s expected surplus if she bids b and her value is v. It suffices to show that there
exists v € [0, 1] such that v — SellerRevenue(v) > .

Before proceeding, we establish some properties of S. Incentive compatibility of S ensures that
BuyerSurplus(v, v) > BuyerSurplus(b, v) (26)
for all b, v € [0, 1], and rationality of S ensures that
BuyerSurplus(v,v) > 0 27
forall v € [0,1]. Also
SellerRevenue(b) 4 BuyerSurplus(b, v) = E(; q)~s, [a]v (28)
for all b, v € [0, 1], which follows directly from definitions, and
SellerRevenue(v) < E(p 4)~s, [a]v (29)

for all v € [0,1], which follows from rationality: By (28) we have BuyerSurplus(v,v) =
Epay~s,[alv — SellerRevenue(v), and thus if (29) were false we would have
BuyerSurplus(v,v) < 0, which contradicts (27).
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Now observe that for any b, v € [0, 1]
v — SellerRevenue(v) > E(, 4)~s, [aJv — SellerRevenue(v)
= BuyerSurplus(v, v) (30)
> BuyerSurplus(b, v) 31
= E(pa)~s,[a(v —p)]
= Ep.ay~s,[a]v = Egp,a)~s, lap]
= E(pa)~s, [alv — SellerRevenue(b)

> (SellerRe;/enue(b)) v — SellerRevenue(b) (32)
11
=(v—0b) (Se erRebvenue(b)>

where (30) follows from (28), (31) follows from (26), and (32) follows from (29). Now let b = i
and v = % If v — SellerRevenue(v) > % we are done. Otherwise the first and last lines from the
above chain of inequalities and v — SellerRevenue(v) < % imply

SellerRevenue(b) <V SellerRevenue(v) < 11 2
b - v—>b 6v—>b 3
which can be rearranged into b — SellerRevenue(b) > %b > 1—12 O

C.2 Proof of Lemma 4

Proof. 1t will be convenient to define the following (all expectations in these definitions are with
respect to A, D and B*(A, D)):

.
rev(ty,t2) = F Z atptl

Lt=t1

.
sur(ty,to) = E Z Yeas(ve — pt)}

Li=t1

.
udsur(ty,te) = E Z at (v — pt)}

Lt=t1

-
totval(ty,ta) = F Z atvt]

Lt=t1

where “udsur” stands for “undiscounted surplus” and “totval” stands for “total value”. Note that
by definition

rev(ty,t2) + udsur(ty, t2) = totval(ty, t2). (33)
Also, since B*(A, D) is a surplus-maximizing buyer strategy, sur(¢, ") > 0 for all rounds ¢, because

otherwise the buyer could increase her surplus by following B*(.A, D) until round ¢ — 1 and then
selecting a;s = 0 for all rounds ¢’ > .

We will first prove that sur(¢,7) < ~yudsur(¢,T) for all rounds ¢. The proof will proceed by
induction. For the base case, we have sur(7,T") = ypudsur(7,T') by definition. Now assume for
the inductive hypothesis that sur(¢ + 1,7) < y¢4qudsur(t + 1,7). Since sur(t + 1,7) > 0 and
~e+1 > 0, by the inductive hypothesis we have udsur(t 4+ 1,7) > 0. Therefore

sur(t,T) = sur(t, t) + sur(t + 1,7)
= ypudsur(t, t) + sur(t + 1,7T)

< mypudsur(¢,t) + yppudsur(t + 1,T) 34)
< ypudsur(t, t) + yudsur(t + 1,7) (35)
= ypudsur(t, T)
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where Eq. (34) follows from the inductive hypothesis and Eq. (35) follows because udsur(t+1,7")
0 and ¢ > y¢+1. Thus sur(¢, T) < yudsur(t, T').

Since sur(1,7) < ~judsur(1,7) and v; < 1, by Eq. (33) we have rev(1,T) + sur(1,7) <
totval(1,7"), which proves the lemma. O
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